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Steep Inflation followed by Born-Infeld Reheating
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We discuss a model in which high energy brane corrections allow a single scalar field to describe
inflation at early epochs and quintessence at late times. The reheating mechanism in the model
originates from Born-Infeld matter whose energy density mimics cosmological constant at very early
times and manifests itself as radiation subsequently. For most of the inflationary evolution the Born-
Infeld matter remains subdominant to the the scalar field. Shortly before the end of inflation driven
by the scalar field, the energy density of Born-Infeld matter starts scaling as radiation and drops by
several orders of magnitudes at the epoch inflation ends. The problem of over production of gravity
wave background in scenarios based upon reheating through gravitational particle production is
successfully resolved by suitably fixing the initial value of radiation energy density at the end of
inflation. No additional fine tuning of the parameters is required for a viable evolution.
PACS numbers: 98.80.Cq, 98.80.Hw, 04.50.+h
I. INTRODUCTION
Recently, there have been attempts to build models
with a single scalar field playing the dual role of infla-
tion at early epochs and quintessence at late times[1, 2,
3, 4, 5, 6, 7, 8]. Apparently, there are two obstacles in
carrying out the program of unification of inflation with
quintessence. First, the conventional reheating mecha-
nism does not work in these models and an alternative re-
heating method has to be employed. Secondly, the scalar
field after successfully playing the inflaton role should go
into hiding so as not to disturb the thermal history in the
standard model. It should emerge out from the shadow
only at late times to dominate the energy density of the
universe and become quintessence. As for the reheating,
it can be achieved through a quantum mechanical pro-
cess of particle production in time varying gravitational
field at the end of inflation[3, 9, 10]. However, then the
inflaton energy density should red-shift faster than that
of the produced particles so that radiation domination
could commence. And this requires a steep scalar field
potential, which of course can not support inflation in
the standard FRW cosmology. This is precisely where
the brane assisted inflation comes to the rescue.
The presence of the quadratic density term (high en-
ergy corrections) in the Friedman equation on the brane
changes the expansion dynamics in the early universe: at
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early times, the brane world Hubble parameter is much
larger than its usual Friedman value[11, 12, 13]. Conse-
quently, the field experiences greater damping and rolls
down its potential slower than it would during the con-
ventional inflation. Thus, inflation in the brane world
scenario can successfully occur for very steep potentials
(see Ref[14] for a different approach to steep inflation).
The second problem can be resolved by employing the
“Tracker Fields”. For instance, scalar field models with
exponential potential have an attractive property that
the energy density in the field tracks the background
(radiation and/or matter) energy density remaining sub-
dominant so as to respect the nucleo-synthesis constraint.
However at late times, the potential should behave other-
wise, allowing the scalar field to play the dominant role in
the evolution dynamics of the universe. One, possibility
is that during late times the potential changes to power
law , resulting in rapid oscillations of the field near origin.
In case of a particular power law, the average equation
of state may turn negative making the field energy den-
sity scale slower (than the background energy density)
and dominant at late times to account for the observed
acceleration of the universe. The cosine hyperbolic po-
tentials has both these features. Another possibility is
provided by a class of inverse power law potentials which
at late times become shallow enough to support the con-
ventional FRW inflation allowing the inflaton to become
a ‘quintessence’. It is remarkable that extra dimensional
effects allow a single scalar field to play the dual role of
inflaton as well as the dark energy.
Unfortunately these models using the gravitational
particle production as a reheating mechanism are faced
with a serious problem associated with the relic grav-
ity background. In fact, a generic feature of inflationary
2models with steep potentials is that the post inflation-
ary epoch is characterized by a prolonged kinetic regime
which lasts until the energy density of radiation (created
quantum mechanically during inflation) becomes equal to
the scalar field energy density. A long duration of kinetic
regime results in a gravity wave spectral density which
increases with wave number for wave lengths shorter than
the comoving Hubble radius at the commencement of the
radiative regime and leads to violation of the cosmologi-
cal nucleosynthesis constraints[5].
An interesting proposal which circumvents this dif-
ficulty has recently been suggested by Liddle and
Lopez[15], see also Refs[16, 17, 18, 19] on the similar
theme. The authors have employed a new method of
reheating via curvaton to address the problems associ-
ated with gravitational particle production mechanism.
The curvaton model as shown in Ref[15] can in principal
resolve the difficulties related to excessive amplitude of
short-scale gravitational waves. Although this model is
interesting, it operates through a very complex network
of constraints dictated by the fine tuning of parameters
of the model.
A very interesting proposal has recently been made in
Ref[20]. It is advocated that the Born-Infeld action[21,
22, 23, 24] should be used in the context of the brane
world cosmology (see Ref[25] on the related theme). It
is remarkable that the energy density of the Born-Infeld
matter mimics the cosmological constant like behavior
at very early times and scales as radiation later. As the
the Born-Infeld action considered in [20] is composed of
the non-linear vector fields, the density perturbations are
absent in the model.
In this paper we examine an attractive alternative re-
heating mechanism based upon Born-Infeld action. We
propose a toy model in which apart from the Born-Infeld
matter there is a scalar field with steep potential that
drives inflation on the brane and the field survives to date
to become quintessence. The Born-Infeld matter remains
subdominant during inflation and does not interfere with
the inflationary dynamics of the scalar field. At the end
of inflation, the energy density of the Born-Infeld matter
behaves like radiation. The radiation energy density at
the end of inflation can be conveniently chosen so as to
respect the nucleosynthesis constraint. Since the Born-
Infeld action does not include any new parameter, no
extra fine tuning of the parameters is required in this
model.
The rest of this paper is organized as follows. In the
section II, we briefly review the Born-Infeld brane world
proposed in Ref [20]. In the section III, we would suggest
an inflationary scenario with the Born-Infeld reheating
and discuss the evolution of the universe. Finally we
give the summary and discussion.
II. BORN-INFELD BRANE WORLDS
The D-branes are fundamental objects in string theory.
The end points of the open string to which the gauge
fields are attached are constrained to lie on the branes.
As the string theory contains gravity, the D-branes are
the dynamical objects. The effective D-brane action is
given by the Born-Infeld action
SBI = −λb
∫
d4x
√
−det (gµν + Fµν) (1)
where Fµν is the elecromagnetic field tensor (Non-
Abelian gauge fields could also be included in the action)
and λb is the brane tension. The Born-Infeld action,
in general, also includes Fermi fields which have been
dropped for simplicity. In the brane world scenario a
la Randall-Sundrum one adopts the Nambu-Goto action
instead of the Born-Infeld action. Shiromizu et al have
suggested that in the true spirit of the string theory, the
total action in the brane world cosmology be composed
of the bulk and D-brane actions
S = Sbulk + SBI , (2)
where Sbulk is the five dimensional Einstein-Hilbert ac-
tion with the negative cosmological constant. The stress
tensor appearing on the right hand side (RHS) of the
Einstein equations on the brane will now be sourced by
the Born-Infeld action. The modified Friedman equation
on a spatially flat FRW brane acquires the form
H2 =
1
3M2p
ρBI
(
1 +
ρBI
2λb
)
(3)
with ρBI given by
ρBI = ǫ+
ǫ2
6λb
(4)
where E2 = B2 = ǫ [37] The tension λb is tuned so that
the net cosmological constant on the brane vanishes. We
have dropped the ‘dark radiation’ term in the equation
(3) as it rapidly disappear once inflation sets in. Spatial
averaging is assumed while computing ρBI and PBI from
the stress-tensor corresponding to action (1). The scaling
of energy density of the Born-Infeld matter, as usual, can
be established from the conservation equation
ρ˙BI + 3H(ρBI + PBI) = 0 (5)
where
PBI =
ǫ
3
− ǫ
2
6λb
(6)
Interestingly, the pressure due to the Born-Infeld mat-
ter becomes negative in the high energy regime allowing
the accelerated expansion at early times without the in-
troduction of a scalar field. As shown in [20] , the en-
ergy density ρBI scales as radiation when ǫ << 6λb. For
3ǫ > 6λb, the Born-Infeld matter energy density starts
scaling slowly (logarithmically) with the scale factor to
mimic the cosmological constant like behavior. The point
is that the Born-Infeld matter is subdominant during the
inflationary stage. It comes to play the important role af-
ter the end of inflation when it behaves like radiation and
hence serves as an alternative to reheating mechanism.
III. THE HYBRID BRANE WORLDS
The brane world cosmology based upon the Born-
Infeld action looks promising as it is perfectly tuned with
the D-brane ideology. But since the Born-Infeld action is
composed of the non-linear elecromagnetic field, the D-
brane cosmology proposed in Ref[20] can not accommo-
date density perturbations at least in its present formu-
lation. One could include a scalar field in the Born-Infeld
action, say, a tachyon condensate to correct the situation.
However, such a scenario faces the difficulties associated
with reheating and formation of acoustics/kinks[26]. We
shall therefore not follow this track. We shall assume
that the scalar field driving the inflation (quintessence)
on the brane is described by the usual four dimensional
action for the scalar fields. The total action is given by
S = Sbulk + SBI + S4d−scalar (7)
where
S4d−scalar =
∫ (
−1
2
gµν∂µφ∂νφ− V (φ)
)√−gd4x (8)
The energy momentum tensor for the field φ which arises
from the action (8) is given by
Tµν = ∂µφ∂νφ− gµν
[
1
2
gµν∂µφ∂νφ+ V (φ)
]
(9)
In the homogeneous and isotropic universe, the field en-
ergy density ρφ and pressure pφ obtained from Tµν are
ρφ =
φ˙2
2
+ V (φ), pφ =
φ˙2
2
− V (φ) (10)
The scalar field propagating on the brane modifies the
Friedman equation to
H2 =
1
3M2p
ρtot
(
1 +
ρtot
2λb
)
(11)
where ρtot is given by
ρtot = ρφ + ρBI (12)
The choice of the scalar field potential V (φ) is dictated
by the requirements discussed in the introduction[35]
V (φ) = V0 [cosh(α˜φ/Mp)− 1]p , p > 0 (13)
which has asymptotic forms
V (φ) =
V0
2p
eαφ/Mp , α˜φ/Mp >> 1, φ > 0 (14)
V (φ) =
V0
2p
(
α˜φ
Mp
)2p
|α˜φ/Mp| << 1 (15)
where α = pα˜. For α >
√
2, the exponential potential
(14) becomes steep to sustain inflation in the standard
cosmology. However, the increased damping due to the
quadratic term in the Friedman equation leads to slow
roll inflation at high energies (V/λb >> 1). The num-
ber of e-foldings N , in this model, can be unambiguously
fixed to N ≃ 70[5]. The COBE normalized value of den-
sity perturbations allows to determine the value of the
potential at the end of inflation Vend and the brane ten-
sion λb[5].
V
1/4
end =
3.26× 10−4
α
Mp (16)
λb =
5.88× 10−15M4p
α6
(17)
Vend and λb are related as Vend = 2α
2λb. In the sce-
nario based upon reheating via quantum mechanical par-
ticle production during inflation, the radiation density is
very small, typically one part in 1016 and the ratio of the
field energy density to that of radiation has no free pa-
rameter to tune. This leads to long kinetic regime which
results in an unacceptably large gravity background[5].
The Born-Infeld matter which behaves like radiation (at
the end of inflation) has no such problem and can be used
for reheating without conflicting with the nucleosynthe-
sis constraint. Indeed, at the end of inflation ρBI can be
chosen such that ρendBI << 6λb. We shall confirm that
such an initial condition for ρBI is consistent with the
nucleo-synthesis constraint. In that case the Born-Infeld
matter energy density would scale like radiation at the
end of inflation. At this epoch the scale factor will be ini-
tialized at aend = 1. The energy density ρBI would con-
tinue scaling as 1/a4 below a = aend. The scaling would
slow down as ρBI reaches 6λb which is much smaller than
Vend for generic steep potentials, say for α ≥ 5. Hence
ρBI remains subdominant to scalar field energy density
ρφ for the entire inflationary evolution. The Born-Infeld
matter comes to play the important role only at the end
of inflation which is in a sense similar to curvaton. But
unlike curvaton, it does not contain any new parameter.
After the brane inflation with exponential potential has
ended, the brane effects persist for some time and the
transition to kinetic regime is not instantaneous. When
the kinetic regime finally commences the temperature of
the universe has dropped to[5]
Tkin = Tend
(
aend
akin
)
= TendF1(α) (18)
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FIG. 1: The ratio of field energy density to the radiation
density due to Born-Infeld matter at the end of inflation is
plotted against α ( for the model of Eq (14)). The ratio is
of the order of 107 and saturates nearly at 6 × 106 for large
values of α.
where F1(α) =
(
c+ dα2
)
, c ≃ 0.142, d ≃ −1.057 and
Tend =
(
ρendBI
)1/4
which will be determined from the
nucleo-synthesis constraint. The equality between scalar
field matter and radiation (Born-Infeld matter) takes
place at the temperature
Teq = Tend
F2(α)
(ρφ/ρBI)
1/2
end
(19)
with F2(α) =
(
e+ fα2
)
, e ≃ 0.0265, f ≃ −0.176. The
fitting formulas (18) and (19) are obtained by numerical
integration of equations of motion. We once again em-
phasize that Born-Infeld matter/radiation does not affect
the background spacetime during inflationary stage. The
fitting formulas exhibit the post inflationary evolution of
ρφ (up to the commencement of radiative regime) which
is essentially same as discussed in [5].
The quantum mechanical production of gravity
waves is one of the important aspects of inflationary
scenarios[27, 28, 29, 30, 31, 32, 33, 34]. The relic gravity
waves leave important imprints on the microwave back-
ground whose stochastic signature is a challenge to ob-
servation. The ratio of energy density in gravity waves
to the radiation energy density at the commencement of
radiative regime is given by
(
ρg
ρBI
)
eq
=
64
3π
h2GW
(
Tkin
Teq
)2
(20)
where hGW is the dimensionless amplitude of gravity
waves. From COBE normalization, for N ≃ 70
h2GW ≃ 1.7× 10−10 (21)
Using equations (18), (19) and (20) we obtain the ratio
of scalar field energy density to radiation energy density
(sourced by Born-Infeld matter) at the end of inflation(
ρφ
ρBI
)
end
=
3π
64
(
1
h2GW (F1(α)/F2(α))
2
)(
ρg
ρBI
)
eq
(22)
For the nucleo-synthesis constraint to be respected, the
ratio of energy density in gravity waves to radiation en-
ergy density at equality should obey (ρg/ρBI)eq ≤ 0.2
and this fixes the ratio of the field energy density to
the radiation density at the end of inflation. It follows
from equation (22) that for generic steep exponential
potential (α ≥ 5) the ratio (ρφ/ρBI)end ≃ 107. Since
ρendφ ≃ Vend = 2α2λb, we conclude that ρendBI ≪ 6λb for
a reasonable value of α ≥ 5. Thus the Born-Infeld mat-
ter behaves like radiation after the end of inflation. A
comment on the lower bond of α is,however, in order. As
mentioned in the introduction, ’tracking’ is an important
component of the post-inflationary behavior of field en-
ergy density ρφ in the model under consideration. During
the ’tracking regime’ (ρφ/ρBI) is held fixed
ρφ
ρBI + ρφ
=
3(1 + wBI)
α2
≤ 0.2 (23)
The inequality (23) reflects the nucleo-synthesis con-
straint which requires α to be large α ≥ 5 We once again
emphasize that in the gravitational particle production
scenario, this ratio is a fixed number (independent of α)
and can not be calibrated. The ratio is typically of the
order of 1016 allowing the kinetic regime to be exces-
sively long. Since the gravity wave spectrum is acutely
sensitive to the post inflationary equation of state, a long
duration of kinetic regime results in a gravity wave spec-
tral density which increases with wave number for wave-
lengths shorter than the comoving horizon scale at the
commencement of the radiative regime. In models based
upon reheating via inflationary particle production, the
’blue tilted’ energy density of gravity waves can exceed
the radiation density violating the nucleo-synthesis con-
straint. The duration of post-inflationary kinetic regime
crucially depends upon the ratio of field energy density
to the radiation density at the end of inflation. Inter-
estingly, this ratio is a free parameter in the scenario
based upon reheating with Born-Infeld matter and can
be conveniently set at the end of inflation. Equation
(22) precisely describes the choice of initial value of the
ratio of energy densities ρφ/ρBI such that the evolu-
tion would respect the nucleo-synthesis constraint. In
the Born-Infeld reheating scenario, there is no other free
parameter. The only tuning required for a viable evo-
lution is related to the choice of initial condition of the
ratio ρφ/ρBI . In figure 1, we have plotted this ratio as
a function of α for steep exponential potential (14). For
α = 5, ρφ/ρBI ≃ 6.6× 106 and the ratio saturates nearly
at 6 × 106 for large values of α. The radiation density
and temperature due to Born-Infeld action can now be
estimated to yield (for α = 5)
ρendBI ≃ 2.77× 10−24M4p (24)
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FIG. 2: The post inflationary evolution of energy density
for the scalar field (solid line) radiation (dashed line-Born-
Infeld matter) and cold dark matter (dotted line) is shown as
a function of the scale factor in case of the model described by
Eq (13) with V0 ≃ 1.6×10
−30Mp, α˜ = 25 and p = 0.2. Briefly
after the brane effects are over, the field energy density ρφ
enters the kinetic regime and then overshoots the background.
After a short while it turns to the background and tracks
it for a long time till the field reaches the origin and rapid
oscillations commence in the system allowing the universe to
accelerate at late times. The evolution is shown from the end
of inflation (ai ≡ aend = 1) to the present epoch (the value of
scale factor a ≃ 1025 corresponds to the present epoch)
Tend ≃ 3.14× 1012GeV (25)
Teq ≃ 2.38× 107GeV (26)
It should be noted that Teq is larger by several orders
of magnitudes than its counter part in the model based
upon reheating via gravitational particle production [5].
From Equations (17) and (24), it is evident that ρBI <<
6λb at the end of inflation for generic steep potential
(14). Thus the Born-Infeld matter behaves like a perfect
radiation after the inflation has ended. During inflation,
as emphasized earlier, the Born-Infeld matter remains
subdominant to the scalar field.
As discussed above, the scalar field with exponential
potential (14) along with the Born-Infeld matter leads
to a viable evolution at early times. We should, how-
ever, ensure that the scalar field becomes quintessence at
late times. Indeed, the cosine hyperbolic potential (13)
changes to power law like behavior near the origin φ ≃ 0
giving rise to field oscillations at late times. For a par-
ticular choice of power law the average equation of state
may turn negative[35, 36]
〈wφ〉 ≃
〈
φ˙2
2 − V (φ)
φ˙2
2 + V (φ)
〉
=
p− 1
p+ 1
(27)
As a result the scalar field energy density and the scale
factor have the following behavior
ρφ ∝ a−3(1+〈w〉), a ∝ t 23 (1+〈w〉)−1 .
The average equation of state 〈w(φ)〉 < −1/3 for p < 1/2
allowing the scalar field to play the role of dark energy.
We have numerically investigated the model (with radi-
ation sourced by the Born-Infeld matter) by including
the standard cold dark matter. For a particular choice
of parameters V0, α˜ and p, the results are displayed in
figures 2, 3. We observe that briefly after the inflation
has ended, the scalar field enters the kinetic regime and
scalar field energy density overshoots the background (ra-
diation). Once the background is overshot, ρφ turns
towards it and gets locked (wφ = −1) for some time.
Tracking commences in the radiative regime and contin-
ues for a substantially long period. In the model de-
scribed by Eq (13), the scalar field is moving from large
values towards the origin. Due to a specific character of
the potential, fast oscillations build up in the system as
φ approaches the origin allowing ρφ to scale slower than
the background energy density. As a result ρφ moves
towards the background, overtakes it and becomes domi-
nant to account for the late time accelerated expansion of
the universe. In contrast to the ‘quintessential inflation’
based upon the gravitational particle production mecha-
nism where the scalar field spends long time in the kinetic
regime and makes deep undershoot followed by long lock-
ing period with very brief tracking, the scalar field in the
present scenario tracks the background for a very long
time (see figure 2). This pattern of evolution is consis-
tent with the thermal history of the universe. We note
that ‘quintessential inflation’ can also be implemented by
inverse power law potentials.
Let us summarize below the chronology of main events
in the model: (i) For most of the time during inflation
driven by the scalar field, the Born-Infeld matter energy
density mimics cosmological constant like behavior be-
ing sub-dominant to the scalar field energy density ρφ.
shortly before the inflation comes to end, ρBI drops be-
low 6λb and begins to scale as radiation. At the end
of inflation, the Born-Infeld radiation density is smaller
than ρφ by several orders of magnitudes. (ii) After the
inflation has ended, the field energy density scales with
the scale factor as 1/a and brane effects persists for some-
times. Due to the steepness of the potential, the kinetic
energy of the scalar field fast increases making the poten-
tial energy term in the field evolution equation irrelevant
and allowing the commencement of the kinetic regime.
(iii) The scalar field continues to be in the kinetic regime
for quite sometime and overshoots the background (ra-
diation). (iv) Once this happens, the dominant contri-
bution to the Friedman equation comes from the back-
ground. This, in turn, allows ρφ to turn towards the
background leading to locking period. (v) The scalar
field starts rolling down its potential again. The field φ
which is is evolving from larger values towards the origin
is still far away from φ ≃ 0 at this stage. The scalar field
then joins the scaling solution which is an attractor of
the system with exponential potential (14) and contin-
ues to track the back ground till φ approaches the origin.
(vi) Once φ ≃ 0, fast oscillations build up leading to
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FIG. 3: The dimensionless density parameter is plotted as a
function of scale factor for the model described in figure 2.
Solid line corresponds to scalar field, dashed to Born-Infeld
radiation and dotted to cold dark matter. Late time oscilla-
tions with negative average equation of state parameter give
rise to current epoch of cosmic acceleration with Ωφ = 0.7
and Ωm = 0.3.
〈wφ〉 < −1/3 and enabling the scalar field to play the
role of dark energy (quintessence) at late times.
IV. SUMMARY AND DISCUSSION
In this paper we have discussed a scenario of
quintessential inflation based on hybrid brane worlds .
In this model radiation originates from the Born-Infeld
action while the scalar field action is supposed to be of
the ordinal scalar field. It is shown that the scalar field
in this scenario plays the dual role of inflaton at early
epochs and dark energy at late times. The model suc-
cessfully overcomes the difficulties associated with the
generation of large gravity wave background and is con-
sistent with the nucleo-synthesis constraint. Interestingly
the model does not require any additional fine tuning of
the parameters.
We should, however, comment on the following impor-
tant issues associated with the scenario: (i) In our model
the contribution to energy density after inflation comes
from inflaton as well as from the Born-Infeld matter. The
Born-Infeld matter dominates the energy density of the
radiation. We have accounted for the scalar field fluctua-
tions only and assumed the validity of our result similar
to the single field inflation models. As the Born-Infeld
matter dominates the energy density of radiation after
inflation, it is pertinent to study also fluctuations in the
Born-Infeld matter to check the reliability of primordial
density perturbations on super-horizon scales due to in-
flaton fluctuations. The fluctuations in Born-Infeld mat-
ter may or may not be important. We also think that in-
flation/quintessence may emerge naturally from D-brane
physics, say instability of D-D¯ and so on. We hope to
address these issues in our future work. (ii) The ad hoc
inclusion of standard cold dark matter and (iii) the ab-
sence of baryons in the model. One could introduce an
additional scalar field with the same potential as (13) to
mimic the cold dark matter. Indeed, the scalar field be-
haves like pressure less dust for p = 1 (see Eq (27)) and by
suitably adjusting the parameters in the potential of the
new field, in principal, one could make the field behave
like CDM. Regarding the baryons, the Born-Infeld ac-
tion, as mentioned above, in general also includes Fermi
fields. The energy density of Fermions scales as radia-
tion in the early universe and could lead to the whole
history of our universe including matter dominated era.
These are important issues which, in our opinion, deserve
further investigation.
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